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An example is given in which a trinomial over GF(2) of degree less than 
a Mersenne prime A4 has non-conjugate roots of order M. 
Assmus and Mattson [I] proposed the following question: If a trinomial 
over GF(2) of degree less than a Mersenne prime M has a root of order 
M, then are all its roots of order M conjugate ? A negative answer to this 
question is provided by the following example in which A4 = 2is - 1: 
The irreducible factorization of x43 + x5 + 1 over GF(2) is 
(x2 + x + 1)(X3 + x2 + 1)(X19 + x17 + x5 + x4 + 1) 
(x19 + xl’ + xl4 + xl2 + xl1 + xl0 + x* + x’ + x5 + x3 + x2 + x + I). 
It took the CDC 6600 a few minutes to factor all trinomials over GF(2) 
of degree less than 60, and x43 + x5 + 1 is the first trinomial of the 
required type. 
Let a be a primitive element of GF(q) and let y = ya be the bijection 
of the set S of non-zero residues modulo q - 1 defined by 1 - ai = aYi. 
It is not difficult to show that ya = yb if and only if the primitive elements 
a and b are conjugate over the prime subfield of GF(q). In connection 
with the functions ya there has been the following conjecture: 
(C) ya is determined by its value at any element of S which is relatively 
primetoq- 1. 
The example shows (C) to be false since y,5 = 43 for every root a of both 
of the primitive polynomials of degree 19 appearing there. 
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E. P. Shaughnessy [2] has studied the polynomials 
g,(x) = 1 + xn + (1 + x)~, p1 odd, over GF(2). 
In connection with these functions, he has proposed a simply ordered 
pair of problems which we state as conjectures: 
(Cl) If a is a root of gn(x) of prime order p then p < n. 
(C2) If a is a root of g,(x) of Mersenne prime order p, then p < n. 
Consider the following assertion: 
(C3) If a and b are primitive elements in GF(2”), 2k - 1 is prime and a 
and b are roots of the same non-trivial trinomial over GF(2), then 
a and b are conjugate. 
Of course, our example shows that (C3) is false. According to the 
following lemma, it also shows that (C2) is false. 
LEMMA. Suppose p = 2L - 1 is prime. Then (C2) holds for p if and 
ody if (C3) holds for k. 
Proof. Suppose (C3) holds for k and, contrary to the assertion of the 
lemma, that there is a primitive element a in GF(p + 1) and odd number 
n satisfying 1 < n < p such that g,(a) = 0. Since a is primitive, 1 + a = ar 
for some r in the interval [3, p - 21. Thus 1 + a + ar = 0, and g,(a) = 
0 = 1 + an + (1 + a)n = 1 + an + am. In other words, a and a” are 
both roots of the trinomial 1 + x + xr. Since n is an odd number greater 
than 1 and less than p, a and a* are not conjugate, which contradicts our 
hypothesis that (C3) holds for k. 
Now suppose that (C2) holds for p and, contrary to the statement, that 
xi + xj + 1 has non-conjugate roots a and b of orderp where 0 <j < i <p. 
We suppose that j = 1, since otherwise we have only to replace a and b 
by ai and bj, respectively, and replace i by the integer s in [l, p - 1 ] such 
that sj = i modulo p. Thus 
(1) 1 + a = ai, 
(2) l+b+bi=O. 
Now (2) holds for all conjugates of b, and among these we can find one 
which is an odd power of a: 
(3) b=an, nodd, l<n<p. 
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Substituting (3) in (2) gives 
(4) 1 + un + uin = 0 
and substituting ui from (1) in (4) gives 
1 + an + (1 + a)” = 0, n odd, 1 < n < p, 
contrary to the hypothesis, This completes the proof of the lemma. 
Incidentally, 59 is the smallest IZ for which (Cl) is false: g&x) has two 
irreducible factors of degree 27 and prime period 262657. 
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